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SUBGROUPS OF THE MAPPING CLASS GROUP OF THE TORUS GENERATED BY
POWERS OF DEHN TWISTS
SUDIPTA KOLAY
ABSTRACT. We study subgroups of the mapping class group of the torus generated by powers gen-
erated by powers of Dehn twists. We give a criterion to show when a collection of powers Dehn
twists generates a free group using the ping pong lemma. We show that the subgroup generated by
three uniform powers of Dehn twists can be either the whole mapping class group, a direct product
of a free group of rank two with the cyclic group of order two, or a free group of rank at most three.
We characterize subgroups generated by a collection of (respectively squares of) Dehn twists, if there
is a pair among so that the geometric intersection number of the corresponding simple closed curves
is two (respectively one). We also determine the subgroup generated by uniform powers of all Dehn
twists.
1. INTRODUCTION
Mapping class groups of closed oriented surfaces are known to be generated by Dehn twists
(Dehn [6], Lickorish [19], Humphries [10]). A natural question is given a collection of Dehn twists
what subgroups of the mapping class group do they generate. The answer is the free group
F1 ∼= Z since Dehn twists (unless otherwise mentioned we will always assume all Dehn twists
are about essential1 simple closed curves) are of infinite order. A complete answer is known for
two Dehn twists, by work of Thurston [8] (and later by Ishida [14] and Ivanov-McCarthy [15]),
depending on the geometric intersection numbers of the two curves, see Fact 2.1. The question
about nDehn twists generating the free group Fn has been studied and answered, under suitable
hypothesis, by Humphries [11] and Hamidi-Tehrani [9].
Related questions have been studied about group generated by specific families of matrices
[21, 2, 4, 1], parabolic elements in hyperbolic isometry group [22].
The purpose of this note is to discuss for the torus, what subgroups may be generated by three
or more (uniform) powers of Dehn twists. Let us denote by Fk the free group of rank k, by F∞ a
free group of countably infinite rank, and by Ck the cyclic group of order k.
We can completely answer what subgroups are generated by three uniform powers of Dehn
twists.
Theorem 1.1. Given three essential simple closed curves on a torus, and a natural number s, the subgroup
of Mod(T2) generated by s-th powers of Dehn twists about them is either F1, or F2, or F3, or F2 × C2,
or the entire mapping class group Mod(T2) = SL(2,Z). Moreover, the possibility that the subgroup is
F2 × C2 only arises if s = 2, and possibility that the subgroup is Mod(T
2) only arises if s = 1.
The proof gives an algorithmic way to determine which subgroup it is.
If G is a subgroup generated by s-th powers of Dehn twists, we will characterize in Section 7
all subgroups which contain a pair of Dehn twists so that the geometric intersection numbers of
the corresponding simple closed curves multiplied by s exactly equals two.
Theorem 1.2. Suppose x and y are simple closed curves in the torus with geometric intersection number g.
For sg = 2, the subgroup G of Mod(T2) generated by a collection of s-th powers of Dehn twists including
T sx and T
s
y , is either F2, or Mod(T
2) = SL(2,Z) or F2 × C2.
This theorem follows from Propositions 7.2 and 7.5, where we analyze the cases s = 1, g = 2
and s = 2, g = 1 separately. It is easy to figure out which of the subgroups F2, or SL(2,Z) or
F2×C2 we get in a given situation, once we make a change of coordinates, see the comments just
following Propositions 7.2 and 7.5.
We also determine the subgroup generated by all s-th powers of Dehn twists in the torus.
1i.e. not homotopic to a point, a puncture or a boundary component.
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Theorem 1.3. The subgroup of Mod(T2) generated by s-th powers of all Dehn twists is isomorphic to
Mod(T2) = SL(2,Z), F2 × C2, F3, F5, F11 and F∞ for s equal to one, two, three, four, five and greater
than five respectively.
This result will follow from a slightly more detailed statement in Theorem 9.1 in Section 9.
A key tool to prove the above results is a freeness criterion, for which we will need the notions
of proportional and comparable geometric intersection numbers for a collection of simple closed
curves. We let I denote a set with cardinality at least two, and s, si will be natural numbers for
the rest of this article.
Definition 1.4. Given a collection2 of natural numbers {si}i∈I , we say a collection of distinct
essential simple closed curves {xi}i∈I on the torus have {si}-proportional geometric intersection
numbers if for all triples of distinct i, j, k, the geometric intersection numbers satisfy the inequality
(xi, xj) + (xj , xk) + (xk, xi) ≤ sj(xi, xj)(xj , xk).
The indexing set I will be clear from the context, and so for notational convenience we use the
term {si}-proportional instead of {si}i∈I -proportional.
The inequalities in the definition of proportional geometric intersection numbers turn out to be
exactly what is required to show the subgroup generated in the following theorem is free using
the ping pong lemma.
Theorem 1.5. Suppose {si}i∈I is a collection of natural numbers, {xi}i∈I is a collection of distinct es-
sential simple closed curves on the torus with {si}-proportional geometric intersection numbers. Then the
subgroup 〈T sixi |i ∈ I〉 of Mod(T
2) generated by the si-th powers of Dehn twists about {xi}i∈I is freely
generated by the collection {T sixi}i∈I .
Remark 1.6. Note that Theorem 1.5 above easily carry over when si’s are integers. Note that we
can replace T sixi with T
−si
xi
if si is negative; and we can drop the Dehn twist power T
si
xi
from the
collection if si = 0 without changing the subgroup. Thus it suffices to just consider the case that
si’s are positive, and we will make that assumption henceforth.
Definition 1.7. We say a collection of distinct essential simple closed curves {xi}i∈I on the torus
are have {si}- comparable geometric intersection numbers if for all triples of distinct i, j, k, the
geometric intersection numbers satisfy the inequality
2(xi, xj) ≤ sk(xi, xk)(xk, xj).
The motivation for defining s-comparable geometric intersection numbers comes from (what
we are calling) the Euclidean algorithm (see Section 3), it turns out that if we start out with three
curves on the torus, then one can find another collection of (at most three) curves which have
s-comparable geometric intersection numbers; so that the subgroups generated by s-th powers of
Dehn twists about them will be the same.
Remark 1.8. In the above definitions for proportional (respectively comparable) intersection num-
bers, if all the si’s are equal say to s, then we will say the collection of simple closed curves have
s-proportional (respectively s-comparable) geometric intersection numbers. A lot of our results
will be in this scenario, where all the si’s are the same.
Remark 1.9. Note that any collection of two (or less) simple closed curves vacuously has s-comparable
and s-proportional geometric intersection numbers, for any s. The reason for not requiring ad-
ditional conditions for two simple closed curve is we know precisely what relations can occur
between two (possibly different) powers of Dehn twists, see Fact 2.1.
As we will see in Proposition 6.1, for s 6= 2, if a collection {xi}i∈I has s-comparable geometric
intersection numbers, then it also has s-proportional geometric intersection numbers. Conse-
quently we have:
Theorem 1.10. Suppose s ∈ N \ {2}, {xi}i∈I is a collection of distinct essential simple closed curves on
the torus with s-comparable geometric intersection numbers. Then the subgroup of Mod(T2) generated by
the s-th powers of Dehn twists about {xi}i∈I is freely generated by the collection {T
s
xi
}i∈I .
2There can be repetitions among the si.
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Humphries [11] and Hamidi-Tehrani [9] have a similar result for subgroups generated by
Dehn twists in general surfaces, under more restrictive conditions, than our notion of compa-
rable/proportional geometric intersection numbers. By restricting to the case of the torus, we can
improve the bounds in the hypothesis by using linear dependence among the homology classes
of curves corresponding the Dehn twists.
In general, if {xi}i∈I are simple closed curves not in comparable/proportional geometric in-
tersection numbers, one would hope to be able to find another collection of simple closed curves
{yj}j∈J (with comparable/proportional geometric intersection numbers), so that the subgroup
generated by both the collection of powers of Dehn twists are same. At present, we are able to
systematically do this only for three Dehn twist powers (we call this procedure the Euclidean al-
gorithm, see Section 3) and this is the reason we have the hypotheis of three Dehn twist powers
in Theorem 1.1. However, we will describe a procedure (see Section 8) combining applications
of the ping pong lemma and Hurwitz sliding moves, which in some cases can tell us what the
subgroup generated by four or more Dehn twist powers are.
We observe that one obtains the same results as above if we replace the torus with the once
punctured torus, since their mapping class groups are isomorphic. In Section 10, we explain how
to translate the above results to subgroups generated by Dehn twist powers in the mapping class
group of the one-holed torus, or equivalently, the subgroups generated by half twist powers in
the braid group on three strands.
Organization: We discuss background material in Section 2. In Section 3, we introduce Euclidean
algorithm for simple closed curves in the torus, and discuss a few examples. In the following
section we apply the ping pong lemma to prove Theorem 1.5. In Sections 5 and 6, we deal with
the cases not taken care of by Theorem 1.5, and prove Theorems 1.10 and 1.1. In the next section,
we characterize subgroups which contain a pair of (respectively squares of) Dehn twists whose
corresponding curve has geometric intersection number two (respectively one). In Section 8, we
explain how to show a group is free using both the ping pong lemma and sliding moves, and dis-
cuss a few examples where our earlier techniques failed to determine the subgroup. In Section 9,
we study subgroups generated by uniform powers of all Dehn twists and prove Theorem 1.3. In
the final section, we mention implications of the above results to subgroups generated by powers
of half twists in the braid group B3.
Acknowledgements. The author would like to thank John Etnyre and Dan Margalit for useful dis-
cussions and making helpful comments on earlier drafts of this paper. This work is partially
supported by NSF grants DMS-1608684 and DMS-1906414.
2. PRELIMINARIES
For any oriented surfaceS, primitive elements inH1(S) correspond to oriented essential simple
closed curves on S. We will consider simple closed curves up to isotopy, hereafter we assume all
simple closed curves are essential.
Dehn twists about a curve c is independent of the orientation of c (the only difference is be-
tween right and left handedness). This lets us consider a one-to-two correspondence between
Dehn twists in Mod(S) and homology classes of primitive elements in the first homology of
H1(S), where we send c to ±~c (here we pick an orientation on c, and let ~c denotes its homol-
ogy class).
Given two oriented simple closed curve x, y, let (x, y) denote their geometric intersection num-
ber, and let 〈x, y〉 denote their algebraic intersection number. We will denote by Tx the right
handed Dehn twist along the simple closed curve x. Note that this homeomorphism induces
the following automorphism of the first homology group. Tx(~y) = ~y + 〈x, y〉~x, we note that the
subgroup generated by Tx and Ty is the same as the subgroup generated by Tx and Tz , where
z = Tx(y). So given a collection of simple closed curve x1, ..., xk (or equivalently collection of
primitive homology classes of simple closed curve ~x1, ..., ~xk), we would like to do a suitable
change of coordinates so that we get a new collection of simple closed curve ~y1, ..., ~yk so that
the subgroup generated by Dehn twists about the curves are the same, and ~y1, ..., ~yk are easier to
understand (maybe smaller pairwise geometric intersection numbers). We would like to caution
the reader that this is not about choosing a different basis of the lattice generated by the origi-
nal collection of homology classes, indeed some of the new basis vectors may not be primitive
elements, and hence would not correspond to simple closed curves.
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We recall known results about subgroup generated by two Dehn twists.
Fact 2.1. (see [7, Section 3.5]) Let us consider the subgroupG of Mod(S) generated by Dehn twists powers
T sx and T
t
y , with 0 < s ≤ t. If S not the torus or once punctured torus, we have:
(1) G ∼= F1 if and only if (x, y) = 0 (i.e. x and y are the same upto orientation, and so Tx = Ty),
(2) G ∼= B3 if and only if (x, y) = 1 = s = t,
(3) G ∼= 〈a, b|abab = baba〉 if and only if (x, y) = 1 and s = 1, t = 2,
(4) G ∼= 〈a, b|ababab = bababa〉 if and only if (x, y) = 1 and s = 1, t = 3,
(5) G ∼= F2 otherwise.
If S is the torus or once punctured torus, we have:
(1) G ∼= F1 if and only if (x, y) = 0 (i.e. x and y are the same upto orientation, and so Tx = Ty),
(2) G ∼= SL(2,Z) if and only if (x, y) = 1 = s = t,
(3) G ∼= 〈a, b|abab = baba, (b2a)4 = 1〉 if and only if (x, y) = 1 and s = 1, t = 2,
(4) G ∼= 〈a, b|ababab = bababa, (b3a)3 = 1〉 if and only if (x, y) = 1 and s = 1, t = 3,
(5) G ∼= F2 otherwise.
Henceforth (apart from Section 10) we will take the surface to be torus T2. Let us consider
three Dehn twists Tx, Ty and Tz in Mod(T
2). Since H1(T
2) ∼= Z2 (we will always use Z coeffi-
cients), we know that ~x, ~y and ~z are linearly dependent. In order to understand the subgroupG of
Mod(T2) generated by T sx , T
s
y and T
s
z , we will try to understand the subset H
s
G of first homology
corresponding to Dehn twists in G. More formally, let us define
HsG := {~x ∈ H1(T
2)|~x is primitive and T sx ∈ G}
We note that H1G is consists of all primitive elements of H1(T
2) if and only if G =Mod(T2).
2.1. Comparable and proportional geometric intersection numbers. While neither the notion of
s-comparable or s-proportional directly implies the other, as we will see below overlap in a lot of
cases.
Observation 2.2. For any natural numbers a, b, s, we have the inequality sab ≥ 2(a+ b), unless we are
in the following cases:
(1) s = 1, a = 3 and b ∈ {3, 4, 5},
(2) s = 1, b = 3 and a ∈ {3, 4, 5},
(3) s = 1, a < 3 or b < 3,
(4) s = 2, a = 1 or b = 1,
(5) s = 3, a = 1 and b = 1.
Proof. Without loss of generality let us assume that a ≤ b. If a ≥ 4, then sab ≥ 4b ≥ 2(a + b), as
s ≥ 1. If a = 3, and s = 1, then sab ≥ 2(a + b), which is equivalent to b ≥ 2a = 6. If a ≥ 2, then
sab ≥ 2sb ≥ s(a + b), and so the inequality holds as long as s ≥ 2. If a = 1, b > 1, the inequality
holds for s ≥ 3. If a = 1, b = 1, the inequality holds for s ≥ 4. 
Remark 2.3. If a collection {xi}i∈I of simple closed curve have {si}i∈I -comparable geometric in-
tersection numbers, and for any triple i, j, k we do not get any of the exceptional cases in Ob-
servation 2.2 by taking a = (xj , xk), b = (xk, xi) and s = sj , then the collection {xi}i∈I have
{si}-proportional geometric intersection numbers, since
(xi, xj) + (xj , xk) + (xk, xi) ≤
sj
2
(xi, xj)(xj , xk) +
sj
2
(xi, xj)(xj , xk) = sj(xi, xj)(xj , xk).
In later sections, when we are dealing with uniform s-th powers of three Dehn twists, we
will see by the Euclidean algorithm we can find (at most) three simple closed curves which have
s-comparable geometric intersection numbers, and the s-th powers of Dehn twists about them
generate the original subgroup. In most cases, it will follow that the new collection will also
have s-proportional geometric intersection numbers, and by the Theorem 1.5 it will follow that
s-th powers of their Dehn twists generate a free group. We would analyze the exceptional cases
separately to figure out what subgroups s-th powers of their Dehn twists generate.
3. EUCLIDEAN ALGORITHM
Let us now consider two simple closed curves x, y in the torus with geometric intersection
number n ≥ 2.
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By change of coordinates we may assume that the homology class of x is
(
1
0
)
, and then the
homology class of y (by choosing the sign appropriately) is
(
a
n
)
, where a is arbitrary. Moreover,
by composing with an appropriate power of Tx, and using the division algorithm, we may as-
sume that 0 < a < n (the case a = 0 does not occur, since it does not correspond to a primitive
element).
Given three Dehn twists powers T sx , T
t
y and T
u
z , we we describe below an algorithmic proce-
dure to find at most three simple closed curves whose powers of Dehn twists generate the same
subgroup. Since this process is similar to the classical Euclidean algorithm to find the greatest
common divisor of two integers, we will call this procedure an Euclidean algorithm.
Suppose we are given three pairwise distinct simple closed curve x, y, z, and by using linear
dependence we write ~z as a linear combination of ~x and ~y; ~z = α~x + β~y where α, β ∈ Q. Let us
see the effect of the k-th power of Dehn twist Tx.
T kx~z = ~z + k〈x, z〉~x = α~x+ β~y + kβ〈x, y〉~x = (α + kβ〈x, y〉)~x + β~y
By the (slightly modified) division algorithm, we can find k ∈ sZ so the absolute value of the
~x coefficient of ~z1 is at most
s|β|(x,y)
2 =
s(z,x)
2 , where we denote by z1 the simple closed curve
T kx z. Note (x, z1) = (x, z), and (y, z1) < (y, z) if k 6= 0 (and same otherwise, since then z1 = z),
and moreover T uz1 = T
s
x ◦ T
u
z ◦ T
−s
x , thus the subgroup generated by T
s
x , T
t
y, T
u
z is the same as the
subgroup generated by T sx , T
t
y, T
u
z1
.
So we conclude that if |α| > s|β|(x,y)2 , or equivalently 2(y, z) > s(x, y)(z, x), we can apply
some power of T sx to z, to get a new collection of simple closed curve whose respective powers
of Dehn twists generate the same group, and one of the pairwise geometric intersection numbers
get smaller. We can interchange the roles of x, y and z, and keep repeating the process till we get
new collection of simple closed curve x′, y′, z′ so that either
2(x′, z′) ≤ t(x′, y′)(y′, z′), 2(x′, y′) ≤ u(x′, z′)(y′, z′), 2(y′, z′) ≤ s(x′, y′)(x′, z′),
i.e. x′, y′, z′ are have s-comparable geometric intersection numbers, or at some point some pair-
wise geometric intersection number became zero, in which case we replace the two Dehn twist
powers T aw and T
b
w with the Dehn twist T
g
w, where g = gcd(a, b).
Since each of the geometric intersection number is a non-negative integer, and in each iteration
one of the pairwise geometric intersection number (or the number of Dehn twist powers) goes
down, we see that this process has to stop in finite number of steps.
In case s = t = u, the result of the above algorithm will be collection of simple closed curve
with s-comparable geometric intersection numbers has the property that the s-th powers of Dehn
twists along them generate the same subgroup as the original one. One may hope to find a similar
algorithm for the case of more than three simple closed curve and then we could figure out exactly
which subgroup a collection of s-th powers of Dehn twists generate. See Example 3.5 below to
see why this may be tricky.
3.1. Examples. We discuss a few examples, illustrating the Euclidean algorithm, and assuming
Theorem 1.10, figure out which subgroups are generated.
Example 3.1. If ~x = ~y = ~z =
(
1
0
)
, then the subgroup generated by Tx, Ty, Tz is isomorphic to F1.
Example 3.2. If ~x =
(
1
0
)
, ~y =
(
1
3
)
, ~z =
(
−11
3
)
, we can set
~x1 =
(
1
0
)
, ~y1 =
(
1
3
)
, ~z1 = T
4
x~z =
(
1
3
)
;
Since ~y1 = ~z1, we only consider x1 and y1, which have geometric intersection number 3, and so
the subgroup generated by Tx, Ty and Tz is isomorphic to F2 by Fact 2.1.
Example 3.3. If ~x =
(
1
0
)
, ~y =
(
4
3
)
, ~z =
(
1
6
)
, we can set
~x1 =
(
1
0
)
, ~y1 = T
−1
x ~y =
(
1
3
)
, ~z1 =
(
1
6
)
;
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~x2 =
(
1
0
)
, ~y2 =
(
1
3
)
, ~z2 = T
−1
y ~z =
(
−2
3
)
Now x2, y2, z2 have 1-comparable geometric intersection numbers, and by the following section
subgroup generated by Tx, Ty and Tz is isomorphic to F3 by Theorem 1.10.
Example 3.4. If ~x =
(
1
0
)
, ~y =
(
7
3
)
, ~z =
(
1
4
)
, we can set
~x1 =
(
1
0
)
, ~y1 = T
−2
x ~y =
(
1
3
)
, ~z1 =
(
1
4
)
;
~x2 =
(
1
0
)
, ~y2 =
(
1
3
)
, ~z2 = T
−1
y ~z1 =
(
0
1
)
;
~x3 =
(
1
0
)
, ~y3 = T
−3
z ~y2 =
(
1
0
)
, ~z3 =
(
0
1
)
;
Since ~y3 = ~x3, we only consider x3 and z3, which have geometric intersection number 1, and so
the subgroup generated by Tx, Ty and Tz is Mod(T
2) by Fact 2.1.
Example 3.5. If ~x =
(
1
0
)
, ~y =
(
1
3
)
, ~z =
(
1
10
)
, ~w =
(
3
17
)
;we see that the three triples of
simple closed curve x, y, z; x,w, z and y, z, w have 1-comparable geometric intersection numbers,
and x, y, w are not. Consider
~x1 =
(
1
0
)
, ~y1 =
(
1
3
)
, ~z1 =
(
1
10
)
, ~w1 = T
−1
y ~w =
(
3
17
)
− 8
(
1
3
)
=
(
−5
−7
)
;
Now we see that x1, y1, w1 have 1-comparable geometric intersection numbers but y1, z1, w1 do
not have 1-comparable geometric intersection numbers. So given four or more simple closed
curve it seems unlikely that one can come up with a similar algorithm in general, because making
some pairwise geometric intersection number smaller by updating an simple closed curve with
some power of a Dehn twist, may increase some other pairwise geometric intersection number.
However we will show in Example 8.3 that Tx, Ty, Tz and Tw generate the free group F4, using a
procedure which combines application of the ping pong lemma with Hurwitz sliding moves.
4. PING PONG
To prove the freeness of the subgroup in Theorem 1, we will use the ping pong lemma, which
is a criterion to show a group is free by understanding how it acts on a set.
Fact 4.1. (Ping pong lemma [7, Lemma 3.15]) Suppose a group G acts on a set X . Suppose we have
a subset {gi}i∈I (with I having cardinality at least two) of G and there are disjoint non-empty subsets
{Xi}i∈I of X so that for any p 6= 0, we have g
p
i (Xj) ⊆ Xi whenever i 6= j. Then the set {gi}i∈I freely
generate a subgroup of G.
The lemma is usually stated and proved when I is a finite set. However note that if there is a
relation, it only involves finitely many elements in the collection {gi}i∈I , and so the above version
of the ping pong lemma reduces to the case where the indexing set is finite.
Proof of Theorem 1.5. For i ∈ I , consider the sets
Ni := {c simple closed curve in T
2|(c, xi) < (c, xj) for all j ∈ I \ {i}}
We observe that the sets are disjoint, and non-empty (since xi ∈ Ni). By the ping pong lemma, the
theorem will be proved, if we show for p ∈ Z \ {0}, any two distinct indices i, j, and any c ∈ Ni,
T
sjp
xj (c) ∈ Nj . To establish this, we need to show (T
sjp
xj (c), xj) < (T
sjp
xj (c), xk) for any k 6= j.
For notational convenience, suppose x = xi, y = xj , z = xk, Nx = Ni, Ny = Nj , Nz = Nk and
s = sj . Since x, y are distinct simple closed curves; ~x and ~y form a basis for Q
2 over the rational
numbers, we can write ~z as a rational linear combination
~z = α~x+ β~y.
Let c ∈ Nx, want to show T
sp
y c ∈ Ny, so we need (T
sp
y c, x) > (T
sp
y c, y) and (T
sp
y c, z) > (T
sp
y c, y).
Note that T spy ~c = ~c+ sp〈y, c〉~y, and hence 〈T
sp
y c, x〉 = 〈c, x〉 + sp〈y, c〉〈y, x〉. Thus we see
(T spy c, x) ≥ −(c, x) + s(y, c)(y, x) ≥ −(c, x) + 2(c, y) > (c, y) = (T
sp
y c, y)
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Now we want to show (T spy c, z) > (T
sp
y c, y) = (c, y). We observe that 〈T
sp
y c, z〉 = 〈c, z〉 +
sp〈y, c〉〈y, z〉, and therefore
(T spy c, z) ≥ −(c, z) + s(c, y)(y, z) ≥ −|α|(c, x)− |β|(c, y) + s(c, y)(y, z) > (c, y)(s(y, z)− |α| − |β|).
We want the rightmost expression in the above chain of inequalities to be at least (c, y), and for
this it suffices to have s(y, z) ≥ |α|+ |β|+ 1, or equivalently by multiplying both sides with (x, y)
s(x, y)(y, z) ≥ |α|(x, y) + |β|(x, y) + (x, y) = (y, z) + (x, z) + (x, y)
Recalling our notation for x, y, z and s, we see this is the same inequality as in the hypothesis.

Example 4.2. If ~x =
(
1
0
)
, ~y =
(
0
1
)
, ~z =
(
1
1
)
. By Theorem 1.5 we see that T px , T
q
y and T
r
z
generates a free group F3 as long as p, q, r are all at least 3.
5. THE REMAINING CASES TO CONSIDER FOR THEOREMS 1.10 AND 1.1
In this section we will consider all the cases we cannot directly apply Observation 2.2 and
Theorem 1.5 to prove Theorems 1.10 and 1.1. Let us suppose x, y, z are three simple closed curves
with s-comparable geometric intersection numbers. Without loss of generality let us assume that
(x, y) ≤ (y, z) ≤ (z, x).
Observation 5.1. For x, y, z and s as above, if s(x, y) = 2, then (y, z) = (x, z).
This follows directly from the inequalities
2(x, z) ≤ s(x, y)(y, z), 2(y, z) ≤ s(x, y)(x, z).
We now observe that s(x, y) = 2 can only occur in the following two situations:
(1) s = 1 and (x, y) = 2: By a change of coordinates, we may assume that ~x =
(
1
0
)
and
~y =
(
1
2
)
. Assuming ~z =
(
p
q
)
, we see that (x, z) = |q|, and (y, z) = |2p − q|. For
(x, z) = (y, z), we must either have q = 2p − q (⇔ p = q), or −q = 2p − q (⇔ p = 0).
In either case we see that for ~z to be primitive we need to have |q| = 1 contradicting our
assumption that x, y, z are 1 -comparable ; and also (x, y) < (x, z). Moreover, we know
the subgroup generated in this case is Mod(T2).
(2) s = 2 and (x, y) = 1: By change of co-ordinates we may assume that ~x =
(
1
0
)
and
~y =
(
0
1
)
, and let us suppose ~z =
(
p
q
)
. In this case we have (x, y) = 1, (y, z) = |p| and
(x, z) = |q|. Thus |p| = |q|, and so the only way ~z can be primitive is |p| = |q| = (x, z) =
(y, z) = 1.
By the above discussion and Observation 2.2, the remaining cases to check are:
(1) (x, y) = 3 and (y, z) ∈ {3, 4, 5}; and s = 1,
(2) (x, y) = 1 = (y, z); and s ∈ {2, 3}.
We will deal with them in the following two subsections.
5.1. Three Dehn twists. By change of coordinates, let us assume ~y =
(
1
0
)
. In what follows, we
will talk about choices for a second vector ~w with geometric intersection number with ~y being n.
By change of coordinates, and up to taking negatives and remainder modulo ~y (i.e. apply a power
of Dehn twist about y), for w a simple closed curve with (w, y) = n we will assume without loss
of generality that ~w =
(
a
n
)
, with 1 < a < n. Given some x, y, z with ~y =
(
1
0
)
, it may not be
possible just by a change of coordinates to send x to x1 and z to z1 fixing y, where ~x1 and ~z1 have
the form mentioned in the previous line, however the subgroup generated by x, y, z is the same
as the subgroup generated by x1, y, z1.
• Let us consider the case (x, y) = (y, z) = 3.
The choices for ~x and ~z are
(
1
3
)
and
(
2
3
)
. Note that if ~x = ~z, then Tx = Tz and Tx, Ty
and Tz generate the free group F2.
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~x ~z (z, x) (z, x) largest (x, y) + (y, z) + (z, x) 1-comparable 1-proportional(
1
3
) (
2
3
)
3 Yes 3 + 3 + 3 = 9 Yes Yes(
2
3
) (
1
3
)
3 Yes 3 + 3 + 3 = 9 Yes Yes
We conclude that in the case (x, y) = (y, z) = 3 the collection x, y and z are 1-proportional
if they are 1-comparable.
• Let us consider the case (x, y) = 3 and (y, z) = 4.
The choices for ~x are
(
1
3
)
and
(
2
3
)
, and the choices for ~z are
(
1
4
)
and
(
3
4
)
.
~x ~z (z, x) (z, x) largest (x, y) + (y, z) + (z, x) 1-comparable 1-proportional(
1
3
) (
1
4
)
1 No 3 + 4 + 1 = 8 No No(
1
3
) (
3
4
)
5 Yes 3 + 4 + 5 = 12 Yes Yes(
2
3
) (
1
4
)
5 Yes 3 + 4 + 5 = 12 Yes Yes(
2
3
) (
3
4
)
1 No 3 + 4 + 1 = 8 No No
We conclude that in the case (x, y) = 3 and (y, z) = 4 the collection x, y and z are 1-
proportional if they are 1-comparable.
• Let us consider the case (x, y) = 3 and (y, z) = 5.
The choices for ~x are
(
1
3
)
and
(
2
3
)
, and for ~z are
(
1
5
)
,
(
2
5
)
,
(
3
5
)
and
(
4
5
)
.
~x ~z (z, x) (z, x) largest (x, y) + (y, z) + (z, x) 1-comparable 1-proportional(
1
3
) (
1
5
)
2 No 3 + 5 + 2 = 10 No No(
1
3
) (
2
5
)
1 No 3 + 5 + 1 = 9 No No(
1
3
) (
3
5
)
4 No 3 + 5 + 4 = 12 Yes Yes(
1
3
) (
4
5
)
7 Yes 3 + 5 + 7 = 15 Yes Yes(
2
3
) (
1
5
)
7 Yes 3 + 5 + 7 = 15 Yes Yes(
2
3
) (
2
5
)
4 No 3 + 5 + 4 = 12 Yes Yes(
2
3
) (
3
5
)
1 No 3 + 5 + 1 = 9 No No(
2
3
) (
4
5
)
2 No 3 + 5 + 2 = 10 No No
We conclude that in the case (x, y) = 3 and (y, z) = 5 the collection x, y and z are 1-
proportional if they are 1-comparable.
5.2. Two geometric intersection numbers are 1. Suppose we have three simple closed curves
x, y and z, with (x, y) = 1 = (y, z). If x, y, z are s-comparable, then 2(x, z) ≤ s(x, y)(y, z) = s. For
s ∈ {2, 3}, the possibilities for (x, z) are 0 and 1. If (x, z) = 0, then we have Tx = Tz , and hence
T sx , T
s
y and T
s
z generate the free group F2. So we only need to consider the case (x, z) = 1.
For s = 3, we see that x, y, z have 3-proportional geometric intersection numbers, and so T 3x ,
T 3y and T
3
z generate the free group F3.
For s = 2, we see that x, y, z do not have 3-proportional geometric intersection numbers, so we
need a more careful analysis. By change of coordinates we may assume that the homology classes
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of the curves are: ~x =
(
1
0
)
, ~y =
(
0
1
)
, and then ~z has to be
(
±1
±1
)
. Note that
T 2y
(
1
1
)
=
(
1
−1
)
, T 2x
(
1
−1
)
=
(
−1
−1
)
, T 2y
(
−1
−1
)
=
(
−1
1
)
, T 2x
(
−1
1
)
=
(
1
1
)
.
By applying sufficient powers of T 2x and T
2
y to z, we may assume that ~z =
(
1
1
)
.
Claim 5.2. With x, y, z as above, the subgroup generated by T 2x , T
2
y and T
2
z is F2 × C2.
The claim is proved in [1, Section 3] in the language of matrices, and we include a proof for
completeness.
Proof. Since T 2xT
2
y (~z) = −~z, Tz commutes with T
2
xT
2
y , and thus T
2
xT
2
y must be some power of Tz
composed with the hyperelliptic involution ι. In fact, we see that T 2xT
2
y = ιT
−2
z by looking at the
action on ~y. Thus the subgroup generated by T 2x , T
2
y and T
2
z is the same as the subgroup generated
by T 2x , T
2
y and ι. We know that T
2
x and T
2
y generate the free group F2, which does not contain ι
(otherwise there would be relations). Also, ι is a central element in Mod(T2) and generates the
cyclic group C2. It follows that the subgroup generated by T
2
x , T
2
y and T
2
z is an internal direct
product of the above two subgroups, and the result follows. 
6. COMBINING EUCLIDEAN ALGORITHM WITH THE CASE ANALYSIS
In this section we combine the ideas from previous sections to prove Theorems 1.10 and 1.1.
6.1. Comparable versus Proportional Geometric Intersection numbers. We saw in the last sec-
tion that there are simple closed curves x, y, z with 2-comparable geometric intersection numbers,
but do not have 2-proportional geometric intersection numbers; where ~x =
(
1
0
)
, ~y =
(
0
1
)
and
~z =
(
1
1
)
.
One can also see that there are natural numbers a, b, c, swhich satisfy the s-comparable inequal-
ities (2a ≤ bc, 2b ≤ ca, 2c ≤ ab) but not the s-proportional inequalities (a+b+c ≤ smin{ab, bc, ca}),
such as:
(1) a = 2, b = n, c = n (for any n > 2) and s = 1;
(2) a = 1, b = n, c = n (for any n > 2) and s = 2;
(3) a = 3, b = 4, c = 6 and s = 1.
However, as explained below, we cannot have three simple closed curves whose pairwise geo-
metric intersection numbers realize the above a, b, c. Suppose x, y, z are simple closed curves with
s-comparable geometric intersection numbers; and as in the previous section we will assume
(x, y) ≤ (y, z) ≤ (z, x) and ~y =
(
1
0
)
. For s = 1, ~x1 = k(x, y)~y + ~x and ~z1 = l(z, y)~y + ~z, where
k, l ∈ Z, and x1 and z1 are the various vectors appearing in the tables of Subsection 6.1. It follows
that
〈x1, z1〉 = k(x, y)〈y, z〉+ l(y, z)〈x, y〉+ 〈x, z〉 = m(x, y)(y, z) + 〈x, z〉
for some m ∈ Z. Consequently (x, z) is |(x1, z1) ± m(x, y)(y, z)|. Looking at the tables, and
recalling that 2(x, z) ≤ (x, y)(y, z); it follows that (x, z) is either one of the geometric intersection
numbers appearing in that table; or (x, y)(y, z) minus such an intersection number appearing
in the table. In all these cases it follows that x, y, z have 1-proportional geometric intersection
numbers whenever they have 1-comparable geometric intersection numbers. So we conclude:
Proposition 6.1. For s ∈ N \ {2}, a collection of distinct simple closed curves have s-proportional geo-
metric intersection numbers whenever they have s-comparable geometric intersection numbers.
Proof. It follows from Remark 2.3 that if we are not in any of the exceptional cases in Observation
2.2, that s-comparable implies s-proportional geometric intersection numbers. We considered the
case s = 1 in Section 6.2 and the preceding paragraph; and we looked at the case s = 3 in Section
6.2 and again saw that the same conclusion holds (while there are natural numbers that violate
the inequalities, they do not arise as geometric intersection number of simple closed curves). 
Remark 6.2. Note that we can have simple closed curves which have s-proportional geometric
intersection numbers but not s-comparable geometric intersection numbers, for example:
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(1) ~x =
(
1
0
)
, ~y =
(
4
5
)
, ~z =
(
1
5
)
and s = 1.
(2) ~x =
(
1
0
)
, ~y =
(
4
5
)
, ~z =
(
−2
5
)
and s = 2.
It is not too hard to construct lots of such examples as long as all pairwise geometric intersection
numbers are at least 5. Thus we see that neither notions of s-proportional or s-comparable is
weaker than the other.
Proof of Theorem 1.10. This follows immediately from Proposition 6.1 and Theorem 1.5. 
6.2. Applications of Theorem 1.10.
Example 6.3. For any natural number p ≥ 4, consider ~xk =
(
1
pk
)
, and let xk denote the corre-
sponding simple closed curve. It follows from Observation 2.2 that the collection {xk}k∈Z have
1-comparable geometric intersection numbers, and consequently, {Txk}k∈Z freely generate a sub-
group isomorphic to F∞.
Example 6.4. Consider ~yk =
(
k
1
)
, and let yk denote the corresponding simple closed curve. For
any s ≥ 4, it follows from Observation 2.2 that the collection {yk}k∈Z have s-comparable geomet-
ric intersection numbers, and consequently, {T syk}k∈Z freely generate a subgroup isomorphic to
F∞.
6.3. Proof of Theorem 1.1.
Proof. Starting with three essential simple closed curves and s ∈ N, we can apply the Euclidean
algorithm to get at most three simple closed curves with s-comparable geometric intersection
numbers.
In cases we have three simple closed curves and they also have s-proportional geometric inter-
section numbers, we know that the subgroup generated is F3. By the cases we considered above,
we saw the only other possibility is F2 × C2 (only possible if s = 2).
In case the Euclidean algorithm ends with just two simple closed curves, then by Fact 2.1 the
subgroup can either be F2, or the entire Mod(T
2) (only possible if s = 1). And if the algorithm
ends with just one simple closed curve the subgroup is F1.
Examples 3.1, 3.2, 3.3, 3.4, and Claim 5.2 show all the possibilities in the statement of Theorem
1.1 do occur.

7. SMALL POWERS AND GEOMETRIC INTERSECTION NUMBERS
We know that if a subgroup G of Mod(T2) contains two Dehn twists Tx and Ty with (x, y) = 1,
then G is all of Mod(T2). In a similar vein, in this section we will characterize subgroups of
Mod(T2) generated by s-th powers of Dehn twists, if it contains T sx and T
s
y with s(x, y) = 2.
7.1. Geometric Intersection number is 2 and power is 1. Let us now consider two curves x, y in
the torus with geometric intersection number 2. By change of coordinates we may assume that
the homology classes of the curves are: ~x =
(
1
0
)
, ~y =
(
1
2
)
. LetG be the subgroup generated by
Tx and Ty.
Claim 7.1. With notation as above,
H1G =
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, b is even
}
.
Moreover, if z is any simple closed curve so that ~z /∈ H1G, and we let K be the group generated by Tx, Ty
and Tz , thenK is all of Mod(T
2); or equivalently H1K is the collection of primitive vectors in Z
2.
Proof. We begin by showing the that H1G ⊇
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, b is even
}
. We will
use strong induction on half the absolute value |j|2 of the second coordinate j.
Base case j = 0: Note that the only primitive elements are ~x =
(
1
0
)
and −~x =
(
−1
0
)
which
are inH1G by definition.
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Base case |j| = 2: For any k ∈ Z, we have T kx (~y) = ~y + k〈~x, ~y〉~x =
(
0
2
)
+ 2k
(
1
0
)
=
(
2k + 1
2
)
;
For any k ∈ Z, we have T kx (−~y) = −y + k〈~x,−~y〉~x =
(
0
2
)
+ 2k
(
1
0
)
= −
(
2k + 1
2
)
. Thus we
see all primitive elements with second coordinate ±2 is in H1G.
Suppose we assume the inductive hypothesis is true for |j|2 ≤ k. Let us consider ~v =
(
a
k + 2
)
,
note that by the division algorithm, we can choose l ∈ Z so that the first coordinate b of
~w := T lx~v = ~v + 〈x, v〉~x =
(
a
k + 2
)
+ (k + 2)l
(
1
0
)
=
(
a+ (k + 2)l
k + 2
)
is satisfies 0 < b < k + 2 ( the case b = 0 does not occur unless k = ±1, in which case it is a base
case), or equivalently −k − 2 < k + 2− 2b < k + 2. Then we observe that
T±1y ~w = ~w ± 〈y, w〉~y =
(
b
k + 2
)
± (k + 2− 2b)
(
1
2
)
and by choosing ± sign appropriately, we can ensure that second coordinate is strictly smaller
than k + 2− 2(k + 2) = −(k + 2).
Now we have seen applying the (inverse) Dehn twist about y to ~w makes the absolute value
of second coordinate at most |k|, and thus by induction hypothesis we have T−1y (T
l
x~v) ∈ H
1
G, and
consequently ~v ∈ H1G. A similar calculation (or apply the above to −~v) holds if we start with ~v
with second coordinate −(k+ 2). Thus, the inductive step is shown, and this concludes the proof
of the inclusion in one direction. The proof of the other inclusion will be deferred until after we
prove second half of the proposition.
Let us consider a third simple closed curve z, with
~z /∈
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, b is even
}
, and we will exhibit a simple closed curve u so
that ~u ∈
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, b is even
}
, and (u, z) = 1, and by Fact 2.1, it will follow
that the subgroupK generated by Tx, Ty and Tz is Mod(T
2).
Suppose ~z =
(
p
q
)
, q has to be odd since otherwise ~z ∈
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, b is even
}
.
By Bezout’s lemma, there is a vector
(
a
b
)
so that aq− bp = 1. Also the vector
(
a+ p
b+ q
)
has the
same property, i.e. (a+ p)q− (b+ q)p = 1. One of the primitive vectors
(
a
b
)
or
(
a+ p
b+ q
)
is inH1G
since q odd. Thus, K is all of Mod(T2), and soH1K consists of all primitive vectors in Z
2.
Now, by Fact 2.1 we know that G is isomorphic to F2, and thus we must have
H1G =
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, b is even
}
,
otherwise Gwould be Mod(T2).

Hence we conclude, given three curves on a torus with one pairwise geometric intersection
number 2, the subgroup generated by them is either F2 or the entiremapping class groupMod(T
2).
Moreover, we have:
Proposition 7.2. Given a subgroup G of Mod(T2) generated by a collection of Dehn twists, if G contains
two Dehn twists Tx and Ty where the geometric intersection number of x and y is 2, then G is either
isomorphic to the free group F2 or the entire Mod(T
2).
Proof. By change of coordinates, and picking the correct orientations, we may assume that ~x =(
1
0
)
, ~y =
(
1
2
)
. Let us consider the subgroup E generated by Tx and Ty, and by the above
discussion, we know exactly what H1E is. Moreover, we know given any other simple closed
curve z, either ~z is already inH1E , or z has geometric intersection number 1 with some element in
H1E (in which case the subgroup generated by Tx, Ty and Tz is Mod(T
2)). So we can simply add
the generators of G one at a time, and the result follows. 
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More specifically, if we already have ~x =
(
1
0
)
, ~y =
(
1
2
)
, then the subgroup generated by
Tx, Ty, Tz1 , Tz2 , ... is F2 if each ~zi has second coordinate even, and Mod(T
2) otherwise.
7.2. Geometric Intersection number is 1 and power is 2. The discussions of this Subsection will
be similar to the previous one. Let us now consider two curves x, y in the torus with geometric
intersection number 1. By change of coordinates we may assume that the homology classes of the
curves are: ~x =
(
1
0
)
, ~y =
(
0
1
)
. Let G be the subgroup generated by T 2x and T
2
y .
Claim 7.3. With notation as above,
H2G =
{(
a
b
)
∈ Z2 |
(
a
b
)
is primitive, a+ b is odd
}
.
Moreover, if w is any simple closed curve so that ~w /∈ H2G, and we let K be the group generated by T
2
x , T
2
y
and T 2w, thenK is isomorphic to F2 × C2 andH
2
K is the collection of primitive vectors in Z
2.
Proof. We begin by showing the that H2G ⊇
{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, a+ b is odd
}
. We
will use strong induction on max{|a|, |b|}, where a, b denote the coordinates of the primitive vec-
tor.
Base casemax{|a|, |b|} = 1: the only possibilities are a = ±1 and b = 0; and a = 0 and b = ±1. But
these vectors are just ±~x and ±~y, which are inH2G by definition.
Let us assume the inductive hypothesis is true for max{|a|, |b|} ≤ n. Suppose
(
c
d
)
is in{(
a
b
)
∈ Z2|
(
a
b
)
is primitive, a+ b is odd
}
with max{|c|, |d|} = n + 1. We have |c| 6= |d| ,
since otherwise c + d is not odd. Without loss of generality we may assume |c| > |d|. Note
that T 2kx
(
c
d
)
=
(
c+ 2kd
d
)
. By the division algorithm (we may assume the remainder r when
divided by 2d has the form −d < r ≤ d; but we know that r 6= d since c and d have oppo-
site parity), we may choose k ∈ Z so that |c + 2kd| < |d|. By induction hypothesis we see that(
c+ 2kd
d
)
∈ H2G, and consequently it follows that
(
c
d
)
∈ H2G. We have shown one inclusion,
the other inclusion will follow once again from the proof of the second part of the statement.
Given any primitive vector
(
a
b
)
in Z2, we can similarly use another form of Euclidean algo-
rithm to apply powers of T 2x and T
2
y repeatedly to decrease maximum of the absolute value of the
coordinates, as far as possible. If a+ b is odd, we will end up with ±~x or ±~y. If a+ b is even, we
will end up with
(
±1
±1
)
. By the discussion just before Claim 5.2, we may assume that we end up
with ~z =
(
1
1
)
.
For any simple closed curve w, if the sum of coordinates of ~w is even, then ~z ∈ H2K and con-
sequently H2K consists of all primitive vectors of Z
2 (since starting with any primitive
(
a
b
)
with
a+ b even, we can always and up at ~z, which means
(
a
b
)
is contained inH2K). In particular it fol-
lows that the subgroup generated by all squares of Dehn twists is the same as subgroup generated
by T 2x , T
2
y and T
2
z ; which by Claim 5.2 is isomorphic to F2 × C2.
Now, by Fact 2.1 we know that G is isomorphic to F2, and thus we must have
H2G =
{(
a
b
)
∈ Z2 |
(
a
b
)
is primitive, a+ b is odd
}
,
otherwise Gwould be isomorphic to F2 × C2. 
Remark 7.4. Let us note the following consequences of the above proof:
(1) The subgroup ofMod(T2) generated by all squares of Dehn twists is isomorphic toF2×C2.
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(2) If we start with the vectors ~x =
(
1
0
)
, ~y =
(
0
1
)
and ~z =
(
1
1
)
, then we can obtain every
primitive vector in Z2 by applying some word in T 2x , T
2
y and T
2
z to exactly one of ~x, ~y or
~z. To see the uniqueness, note that any primitive vector in Z2 is congruent modulo 2 to
exactly one of ~x, ~y or ~z, and applying any square of a Dehn twist to a primitive vector
preserves the congruence class modulo 2.
Similar to Proposition 7.2, we have (we skip the proof as it is essentially the same proof as that
of Proposition 7.2):
Proposition 7.5. Given a subgroup G of Mod(T2) generated by a collection of squares of Dehn twists, if
G contains T 2x and T
2
y where the geometric intersection number of x and y is 1, thenG is either isomorphic
to the free group F2 or to F2 × C2.
More specifically, if we already have ~x =
(
1
0
)
, ~y =
(
0
1
)
, then the subgroup generated by
T 2x , T
2
y , T
2
z1
, T 2z2 , ... is F2 if each ~zi has sum of coordinates odd, and F2 × C2 otherwise.
We showed in the proof of Claim 7.3 the subgroup generated by squares of all Dehn twists is
isomorphic to F2 × C2. We note the following consequence:
Proposition 7.6. The subgroup of Mod(T2) generated by {T sixi}i∈I is a free group as long as all the si’s
are multiples of 4.
Proof. With x, y and z as in Claim 5.2, we note that by the above remark any Txi is of the form
wiTuiw
−1
i , where u ∈ {x, y, z} and wi is a word in T
2
x , T
2
y and T
2
z . Since T
2
z = ιT
2
xT
2
y , we can
assumewi is a word in T
2
x and T
2
y . wiT
si
ui
w−1i is clearly a word in T
2
x and T
2
y if u ∈ {x, y}. However
if u = z, while Txi need not be a word in T
2
x and T
2
y , T
si
xi
is a word in T 2x and T
2
y as long as 4
divides si since T
4
z = (T
2
xT
2
y )
2. Thus the entire subgroup generated by T s1x1 , ..., T
sn
xn
is contained
in the subgroup generated by the T 2x and T
2
y . The result follows since we know that the latter
subgroup is isomorphic to F2, and any subgroup of a free group is free. 
8. PING PONG WITH SLIDING
We have seen that given any three powers of Dehn twists, we can apply the Euclidean algo-
rithm and get down to at most three Dehn twist powers so that the corresponding curves have
comparable geometric intersection number. Moreover, if we started with uniform powers dif-
ferent from two, we know by Theorem 1.10 and Fact 2.1 what subgroups the generate. In this
section, we will describe a procedure by which we can hope to find what subgroup is generated
by a collection of Dehn twists3. As we will see later in this section, we are able to figure out what
some subgroups are by this procedure, which we were unable to do by directly using the results
from previous section. However, it is not clear if this procedure always terminate, which is why
we are not calling it an algorithm.
For this procedure we will use in addition to the ping pong lemma (more specifically Theo-
rem 1.5), sliding moves for Dehn twist factorizations. Sliding moves were originally studied by
Hurwitz [13], they come up naturally in studying the action of the braid group Bn on the fun-
damental group of the n times punctured disc. Typically sliding moves are studied for tuples of
elements, we will apply them for a elements of the mapping class group written as a product of
Dehn twists. Given a product of (left and right handed) Dehn twists gngn−1...g2g1 we can pick
any element, say gi and slide it to the very right of the word at the expense of conjugating (by gi)
the elements on the left of the chosen gi. To elaborate we can replace gigi−1 with (gigi−1g
−1
i )gi in
the word (keeping everything else the same), and the element w remains the same. We could also
use the inverse sliding move gi+1gi → gi(g
−1
i gi+1gi) to move the element gi in the to the left of
the word.
Remark 8.1. Given any element w in Mod(T2), written as a product of Dehn twist powers T sx ,
T s1y1 , ..., T
sn
yn
, with a Dehn twist Tx appearing a factorization of w, we can rewrite w as a product of
T ηsx (where η ∈ {0, 1}), times a word in T
2s
x , T
s1
y1
, ..., T snyn , and T
s1
z1
, ..., T snzn where zi = T
s
x(yi).
For example, consider the wordw = T 5y1T
−3
x T
−2
y1
T 3xTy2T
−1
x T
4
y3
with all si and s equal to 1. Since
we only want conjugates of Tyi by Tx (recall Tf(x) = fTxf
−1 for any homeomorphism f ), we will
3The procedure may be modified to begin with any Dehn twist powers, although it is not quite clear what the right
analogue of terminate would be.
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rewrite the leftmost odd power of Tx as Tx times an even power of Tx and slide the Tx to the right
till we come across another power of Tx, whence we repeat the process.
w = T 5y1T
−3
x T
−2
y1
T 3xTy2T
−1
x T
4
y3
= T 5y1T
−4
x TxT
−2
y1
T 3xTy2T
−1
x T
4
y3
= T 5y1T
−4
x T
−2
z1
TxT
3
xTy2T
−1
x T
4
y3
= T 5y1T
−4
x T
−2
z1
T 4xTy2T
−1
x T
4
y3
= T 5y1T
−4
x T
−2
z1
T 4xTy2T
−2
x TxT
4
y3
= T 5y1T
−4
x T
−2
z1
T 4xTy2T
−2
x T
4
z3
Tx.
We now claim that if after applying one of these moves if a collection of Dehn twist powers
generate a free subgroup, then the original collection has the same property.
Proposition 8.2. Suppose we have a collection of distinct Dehn twist powers T sx , T
s1
y1
, ..., T snyn , and we set
zi = T
s
x(yi) for all i. If the subgroup 〈T
2s
x , T
s1
y1
, ..., T snyn , T
s1
z1
, ..., T snzn 〉 of Mod(T
2) is freely generated by
{T 2sx , T
s1
y1
, ..., T snyn , T
s1
z1
, ..., T snzn }, then the subgroup 〈T
s
x , T
s1
y1
, ..., T snyn 〉 of Mod(T
2) is freely generated by
{T sx , T
s1
y1
, ..., T snyn }. The same conclusion also holds if we instead set zi = T
−s
x (yi) for all i.
Proof. Supposewe have a non trivial relationw = 1 among the Dehn twist powers {T sx , T
s1
y1
, ..., T snyn }.
By sliding (as explained in Remark 8.1) and if necessary moving the rightmost T sx to the other side
of the equality, we see that either we have a non-trivial relation among {T 2sx , T
s1
y1
, ..., T snyn , T
s1
z1
, ..., T snzn },
or T−sx is a word in {T
2s
x , T
s1
y1
, ..., T snyn , T
s1
z1
, ..., T snzn }. The latter case also gives rise to a similar
contradiction, since T s1z1 = T
s
xT
s1
y1
T−sx (alternately we can use the fact that T
2s
x = (T
s
x) is also a
non-trivial word in {T 2sx , T
s1
y1
, ..., T snyn , T
s1
z1
, ..., T snzn }).
For justification of the last sentence in the proposition, observe that we could instead slide
powers of T sx to the left, and in this case the conjugate of Tyi we see in the newword is T
−s
x (yi). 
We are now ready to state our procedure:
Procedure: Suppose we start with a collection of Dehn twists T s1x1 , ..., T
sn
xn
. If the collection of
simple closed curves x1, ..., xn is not {si}-proportional, then we find a triple xi, xj and xk that
violates the {si}-proportional inequality, that is it satisfies
(xi, xj) + (xj , xk) + (xk, xi) > sj(xi, xj)(xj , xk).
We then replace T
sj
xj with T
2sj
xj , keep the rest of the T
sl
xl
unchanged, and append the Dehn twist
powers T sl
T
sj
xj
(xl)
for all l 6= j (or append T sl
T
−sj
xj
(xl)
for all l 6= j) to our collection. We keep repeat-
ing the above step. If after a finite number of steps we get a collection which satisfies the {si}-
proportional inequalities, then we can conclude the original collection of Dehn twist powers are
free in those generators.
In case the original collection we started of with is a collection of Dehn twists, we will keep a
separate list where we keep track of all Dehn twists that we come across in the above process. Let
us say the procedure terminates in case we get a pair of Dehn twists where the geometric intersec-
tion number of a pair of Dehn twists is at most two, or after some finite number of steps we get a
collection which have with {si}- proportional geometric intersection numbers.
Recall that if geometric intersection number of two simple closed curves x and y is 1, then Tx
and Ty generate Mod(T
2) (see Fact 2.1) and if the geometric intersection number is 1, then the
collection of Dehn twists can generate either F2 or Mod(T
2) (see Proposition 7.2). Thus if the
procedure starting with a collection of Dehn twists terminates, then we can figure out precisely
what subgroup they generate. This brings up the natural question:
Question 1. Starting with a collection of Dehn twists, does the procedurementioned above always
terminate? If the answer is ”No”, can one find an algorithm (or procedure) which tells us the
subgroup generated by given a collection of Dehn twists in the torus?
Let us now apply the procedure to Example 3.5 and figure out the subgroup generated.
Example 8.3. We start with the ~x =
(
1
0
)
, ~y =
(
1
3
)
, ~z =
(
1
10
)
, ~w =
(
3
17
)
. We see that when
we apply the procedure and replace Ty with T
2
y , we need to append the vectors:
T−1y ~x =
(
4
9
)
, T−1y ~z = −
(
6
11
)
, and T−1y ~w = −
(
5
7
)
.
and it can be checked that they satisfy the {si}- proportional inequalities. Thus the subgroup is
generated by Dehn twists about given collection of curves is isomorphic to F4, freely generated
by Tx, Ty, Tz and Tw.
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Let us now discuss an example with higher powers of Dehn twists.
Example 8.4. Consider the subgroup generated by T 4x , T
4
y0
, T 4y1, T
4
y2
, and T 4y3 , where ~x =
(
1
0
)
,
and ~yi =
(
i
1
)
for 0 ≤ i ≤ 3. This time we see that the given collection of vectors do not have 4-
proportional geometric intersection numbers. The procedure above requires us to replace T 4x with
its square T 8x , and append four more vectors T
4
y4
, T 4y5 , T
4
y6
, and T 4y7 (using the notation yi =
(
i
1
)
with i an arbitrary integer). We still see this new collection do not have proportional geometric
intersection numbers, precisely because of ~x and the two extreme ~yi. This pattern continues no
matter how many times we raise the power of T 4x . While the above procedure fails, it turns out
the subgroup generated by the original collection of fourth powers is F5, freely generated by the
aforementioned collection. We can justify this by sliding all powers of Tx, we will obtaining the
above statement as a special case of Proposition 8.7 below, after we discuss a more general setup.
We begin by stating an analogue of Remark 8.1, where we slide all powers of Tx to one side.
Remark 8.5. Given any element w in Mod(T2), written as a product of Dehn twists Tx, Ty1 , ..., Tyn ,
with a Dehn twist Tx appearing a factorization of w, we can rewrite w as a product of T
η
x (for
some integer η), times a word in Ty1 , ..., Tyn and all possible conjugates of Ty1 , ..., Tyn by various
powers of Tx.
For example, let us consider the same word as above w = T 5y1T
−3
x T
−2
y1
T 3xTy2T
−1
x T
4
y3
. This time
we will bring all powers of Tx to the right of w by sliding.
w = T 5y1T
−3
x T
−2
y1
T 3xTy2T
−1
x T
4
y3
= T 5y1T
−2
T
−3
x (y1)
T−3x T
3
xTy2T
−1
x T
4
y3
= T 5y1T
−2
T
−3
x (y1)
Ty2T
−1
x T
4
y3
= T 5y1T
−2
T
−3
x (y1)
Ty2T
4
T
−1
x (y3)
T−1x .
By a very similar argument as in Proposition 8.2 we have:
Proposition 8.6. Suppose we have a collection of distinct Dehn twist powers T sx , T
s1
y1
, ..., T snyn . If the sub-
group 〈T s1
T
sp1
x (y1)
, ..., T sn
T
spn
x (yn)
|pi ∈ Z〉 of Mod(T
2) is freely generated by {T s1
T
sp1
x (y1)
, ..., T sn
T
spn
x (yn)
|pi ∈
Z}, then the subgroup 〈T sx , T
s1
y1
, ..., T snyn 〉 of Mod(T
2) is freely generated by {T sx , T
s1
y1
, ..., T snyn }.
Proposition 8.7. Let s ≥ 4, consider the simple closed curves corresponding to ~x =
(
1
0
)
, and for
0 ≤ k ≤ s − 1 the vectors ~yk =
(
k
1
)
. Then the collection of s-th powers of Dehn twists along the
aforementioned simple closed curves freely generates a subgroup of Mod(T2). The same conclusion would
hold if we let k vary over any collection of representatives of congruence classes modulo s.
Proof. By the discussion just prior to the proposition, we see that we can replace the given collec-
tion with T syl for all l ∈ Z (observe that this happens as long as we start with any any collection
of representatives of congruence classes modulo s). By Example 6.4, we know that {T syl}l∈Z freely
generate a subgroup, and thus the result follows by Proposition 8.6. 
The above discussion suggests that in some situations, one canmodify the procedure by sliding
in differentways and figure out what subgroup is generated by a collection of Dehn twist powers.
9. SUBGROUPS GENERATED BY UNIFORM POWERS OF ALL DEHN TWISTS IN THE TORUS
In this section we discuss the structure ofNs, subgroup of generated by s-th powers of all Dehn
twists in the torus. We already know for s = 1 the answer is Mod(T2) and for s = 2 the answer is
F2 × C2. We observe that Ns is a normal subgroup of Mod(T
2), as conjugates of Dehn twists are
Dehn twists. Also since (
1 1
0 1
)s
=
(
1 s
0 1
)
≡
(
1 0
0 1
)
(mod s)
Ns is a subgroup of the principal congruence subgroup Γs of level s (the set of matrices in SL2(Z)
which are congruent to the identity modulo s),
For s ≥ 3, the subgroups Γs are known to be free by any of the following methods:
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• It can be checked that for s ≥ 3, Γs is torsion free and maps isomorphically
4 to its image
in PSL2(Z). Kurosh subgroup theorem for PSL2(Z) ∼= Z2 ∗ Z3 implies any subgroup is
isomorphic to a free product of Z2 and Z3; and such groups are free if and only if they are
torsion free.
• Group action on trees [5, Chapter 2].
• Hyperbolic geometry and covering space theory, see for instance the second and third
paragraphs of the second proof of Theorem 9.1.
Since subgroups of free groups are free, it follows that Ns are all free for s ≥ 3. We can say more
about the structure of Ns.
Theorem 9.1. Ns is a subgroup of Mod(T
2) of index 1, 6, 24, 48, 120 and infinite, isomorphic to SL2(Z),
F2 × C2, F3, F5, F7 and F∞ for s equal to 2, 3, 4, 5 and bigger than 5 respectively. In particular, Ns
coincides with the principal congruence subgroup Γs for s ≤ 5, and is an infinite index subgroup of Γs for
s > 5. Moreover for 2 ≤ s ≤ 5, the following primitive vectors correspond to the simple closed curves, so
that s-th powers of Dehn twists about all but one of them freely generate Fs for s = 3, 4, 5 respectively:
•
(
1
0
)
,
(
0
1
)
,
(
1
1
)
,
(
1
−1
)
.
•
(
1
0
)
,
(
0
1
)
,
(
1
1
)
,
(
1
−1
)
,
(
1
2
)
,
(
2
1
)
.
•
(
1
0
)
,
(
0
1
)
,
(
1
1
)
,
(
1
−1
)
,
(
1
2
)
,
(
2
1
)
,
(
1
−2
)
,
(
−2
1
)
,
(
2
3
)
,
(
−2
3
)
,
(
2
5
)
,
(
5
2
)
.
This result above is mostly available in the literature, and we will reference the relevant results
in our first proof. We will give another proof of this result using covering space theory, which is
probably well known, but to the best of the authors knowledge does not appear in the literature.
Proof. That the indices of the subgroup Ns are as in the theorem is stated in [12] (see paragraph
after Theorem 4 there), based on results in [20]. It is easy to see that for s ≤ 5, these are also the in-
dices of Γs in Mod(T
2) = SL2(Z), or equivalently the cardinality of SL2(Zs). Since we know that
for s > 5, the subgroups Ns are infinite index in Γs (as Γs has finite index in SL2(Zs)), by a theo-
rem of Schreier [23] (see also [16]) Ns cannot be finitely generated since it is a normal subgroup.
Bywork of Kulkarni[18], one can find free generators of Γs, and this has been implemented [17] in
computer algebra systems5. By direct computations it can be verified that the Dehn twists about
the curves stated in the theorem generate Γs freely for 3 ≤ s ≤ 5.

Most of the following proof was outlined to us by Dan Margalit.
Proof of Theorem 9.1 using covering space theory. By covering space theory, we know that for any
subgroup of G of PSL2(Z) (which clearly is a discrete subgroup of Isom
+(H2) ∼= PSL2(R)), the
space H2/G has fundamental group G. We would like to understand the quotient when G is Γs
and Ns. For doing this it is easier to think of the quotient of Farey complex (see [5, Chapter 2]),
which is an ideal triangulation of H2. Once we figure out the quotient of the Farey complex by
G, we can simply remove the ideal vertices, and obtain the quotient of the H2 by G. Recall that
the vertices of the Farey complex F are the projectivised6 primitive vectors in Z2, there is an edge
between two vertices ±~v and ±~w if and only if their integer span is all of Z2 (or, equivalently the
determinant of the matrix with columns ±~v and ±~w is ±1), and all triangles are filled in.
The quotient of the Farey complex by Γs is a triangulated complex and has the following similar
description (essentially this boils down to taking the congruence classes) as follows: vertices are
projectivised primitive7 vectors in Z2s , there is an edge between two vertices if and only if their
integer span is all of Z2s, and all triangles are filled in. Note that in F/Γs the vertex ±
(
1
0
)
in has
4this is equivalent to stating that we cannot have a matrix A so that both A and−A are in Γs for s > 2.
5 For instance, in SageMath one can find the free generators of Γs using the command ”Gamma(s).generators ()” for a
specific value of s.
6This means we identify each primitive vector ~v with its negative−~v.
7Here primitive means that the vector is not a multiple of another vector by a non-unit, or equivalently the ideal
generated by the two coordinates is the unit ideal. If s is a prime, then any non-zero vector in Z2
s
is primitive.
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exactly s vertices adjacent to it
±
(
0
1
)
,±
(
1
1
)
, ...,±
(
s− 1
1
)
and the same is true for any other vertex in F/Γs. It follows that each vertex of the quotient F/Γs
has degree s, and moreover each edge of F/Γs is adjacent to exactly two triangles. If we denote the
number of vertices, edges and faces of the quotient F/Γs by v, e, f respectively, we see that 2e = sv
and 3f = 2e. Hence the Euler characteristic of F/Γs is
v − e+ f = v − e+
2
3
e = v −
1
3
e = v −
s
6
v =
v(6− s)
6
Thus we see that this is a closed surface of positive Euler characteristic (i.e. spherical) if s < 6,
zero Euler characteristic (i.e. flat) if s = 6, and negative Euler characteristic (i.e. hyperbolic) if
s > 6. We also observe that since Γs consists of orientation preserving isometries ofH
2, the surface
F/Γs must be a closed oriented formula, and we can find its genus by the formula g = 1−
χ
2 .
As we discussed earlier, H2/Γs is the surface F/Γs punctured at v vertices. Since none of them
are closed surfaces (we are throughout assuming s ≥ 3 in this discussion), we see that the funda-
mental group Γs must be free of finite rank, with one generator for each puncture (i.e. number
of vertices in F/Γs) and one generator for each one-handle. This gives an alternative proof of the
freeness of Γs for s ≥ 3, as mentioned earlier.
Let us now try to understand the quotients H2/Ns. First we make the observation the parabolic
isometry x 7→ x + s (in the upper half plane model of H2) corresponds8 to the matrix
(
1 s
0 1
)
in PSL2(Z), i.e. the s-th power of the Dehn twist about
(
1
0
)
. The fundamental group of H2/Ns
is by definition generated by the various loops in the surface H2/Ns. The peripheral loops (the
ones surrounding punctures formed by removing the images of the ideal vertices from F/Ns)
correspond to parabolic elements in the hyperbolic isometry group, i.e. some power of a Dehn
twist.
Other loops correspond to hyperbolic9 elements in the isometry group. Since Ns is generated
by s-th powers of all Dehn twists, it follows that if we fill in all the punctures, all those peripheral
loops now are trivial. Thus F/Ns is simply connected, and so H
2/Ns must in fact be a sphere with
(possibly infinitely many) punctures for any s ≥ 3. SinceNs is a subgroup of Γs, we get a covering
space H2/Ns → H
2/Γs, and the number of sheets in the covering equals the index of the subgroup
Ns in Γs.
For s ≥ 6, we know that H2/Γs has positive genus, and any finite sheeted cover will also have
positive genus. This means that for s ≥ 6 this covering must be infinite sheeted as we saw earlier
that H2/Ns has zero genus. Moreover since covering space H
2/Ns → H
2/Γs is a normal, Ns has to be
a free group of countably infinite rank.
We observe that for 3 ≤ s ≤ 5, the collection of representative classes of primitive vectors in
Z2s are precisely the ones listed in the last line of the statement of Theorem 9.1. Moreover, for
s = 3, 4, 5 the quotient F/Γs is a regular triangulation of the sphere with exactly four, six and
twelve vertices (i.e. a tetrahedron, octahedron and icosahedron) respectively. Thus, H2/Γs is a
sphere with exactly four, six and twelve puctures respectively for s = 3, 4, 5. We know that the
fundamental group of a sphere with n punctures has the presentation 〈x1, ..., xn|x1....xn〉 where
the xi is the loop surrounding the i-th puncture. Hence the fundamental group of H
2/Γs, Γs is
generated freely by all but one of the peripheral loops around the punctures, and as we discussed
earlier, these are precisely the s-th powers of Dehn twists about these curves. So we conclude that
Γs coincides with Ns for s = 3, 4, 5, and we also obtain the statement about free generation by the
given collection of Dehn twists.

Remark 9.2. We can also show that for s = 3, 4, the subgroups Ns are freely generated by all but
one of the s-th powers of Dehn twists about the collection of curves stated in Theorem 9.1 by
using Theorem 1.5, as we explain below. One first uses induction to show that (this is similar to
Claims 7.1 and 7.3) if we consider the subgroup G generated by s-th powers of Dehn twists about
the given curves, the subset HsG consists of all primitive vectors in Z
2.
8 Distinct non-trivial powers of Dehn twists are conjugate in PSL2(R), but not in PSL2(Z).
9 No loops correspond to elliptic isometries since their action is not free.
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For s = 3, we set ~x =
(
1
0
)
, ~y =
(
0
1
)
, ~z =
(
1
1
)
and ~w =
(
1
−1
)
. We see that
(
1
−1
)
T 3x−−→
(
−2
−1
)
T 3z−−→
(
1
2
)
T 3y
−−→
(
1
−1
)
,
consequently T 3yT
3
z T
3
x must be some power of Tw, and it turns out that T
3
y T
3
z T
3
x = T
−3
w . Since x, y
and z are 3-proportional, the statement follows by Theorem 1.5.
For s = 4, let us define ~u =
(
1
2
)
, ~v =
(
2
1
)
, ~w =
(
1
−1
)
, ~x =
(
1
0
)
, ~y =
(
0
1
)
, ~z =
(
1
1
)
. Now
we observe that
(
1
2
)
T 4y
−−→
(
1
−2
)
T 4w−−→
(
−3
2
)
T 4x−−→
(
5
2
)
T 4v−−→
(
−3
−2
)
T 4z−−→
(
1
2
)
.
Thus T 4z T
4
v T
4
xT
4
wT
4
y has to be some power of Tu, and in fact turns out to equal T
−4
u . ThusN4 is the
subgroup generated by T 4v , T
4
w, T
4
x , T
4
y and T
4
z , which we know is free by Proposition 8.7.
10. SUBGROUPS OF MAPPING CLASS GROUP OF ONE HOLED TORUS AND THE BRAID GROUP ON
THREE STRANDS
In this section we discuss implications of the above results to subgroups generated by half-
twists in the braid group B3 on three strands, or subgroups generated by Dehn twists in the one
holed torus S11 (i.e. a torus with one boundary component).
Recall that the braid group B3 is isomorphic to the mapping class group Mod(D, 3) of the two
dimensional disk with three marked points. The double branched cover ofDwith three branched
points is the one holed torus, and half twists about in Mod(D, 3) correspond to Dehn twists about
lift of that arc in Mod(S11), and this induces an isomorphism
Mod(S11 )
∼= Mod(D,3) ∼= 〈a, b|aba = bab〉,
where a and b can be identified with the standardArtin generators σ1 and σ2 inB3, or to the Dehn
twists about the longitude andmeridian in S11 . There is an analogous, but more complicated state-
ment for braid groupswithmore strands, see [3]. Themapping class group of the torus is obtained
by adding to the presentation of Mod(S11) the relation (ab)
6 = 1 corresponding to capping of the
boundary. So if we have a sequence of essential simple closed curves in S11 , and a relation among
Dehn twists about them (or equivalently relations among half twists in B3), we would still have
a relation in Mod(T2) once we cap off the boundary. In all of our previous discussion about sub-
groups in the mapping class group of the torus, the only cases where the subgroup was not a free
group was Mod(T2) (when we had two Dehn twists whose corresponding curves had geometric
intersection number one) and F2 ×C2 (which was generated by squares of Dehn twists about the(
1
0
)
,
(
0
1
)
and
(
1
1
)
curves). Let us now figure out what subgroups these Dehn twists generate
in Mod(S11) (note that there is an isomorphism of first homology H1(S
1
1)
∼= H1(T
2) and there is an
analogous correspondence between simple closed curves in S11 and primitive homology classes,
up to orientation).
For the first case, we see that it is isomorphic to the subgroup generated by a and b, which
is Mod(S11)
∼= B3. For the subgroup generated by the squares of Dehn twists about the curves
~x =
(
1
0
)
, ~y =
(
0
1
)
and ~z =
(
1
1
)
, we note that T 2x = a
2, T 2y = b
2 and T 2z = b
−1a2b and thus
T 2xT
2
yT
2
z = a
2b2b−1a2b = a(aba)ab = ababab = ∆2,
the square of the Garside element, which generates the center of B3. It follows that the subgroup
generated by T 2x , T
2
y and T
2
z is isomorphic to the subgroup generated by T
2
x , T
2
y and ∆
2. This
subgroup is isomorphic to F2 × F1 (the internal direct product of subgroup generated by T
2
x , T
2
y ;
and the infinite cyclic subgroup generated by ∆2).
Thus we can translate our earlier results in the torus and obtain similar results in Mod(S11) =
B3. For instance, here is the analogue of Theorem 1.3.
Theorem 10.1. The subgroup of B3 generated by s-th powers of all half twists (or equivalently, the sub-
group of Mod(S11) generated by s-th powers of all essential Dehn twists) is isomorphic to B3, F2 ×F1, F3,
F5, F11 and F∞ for s equal to one, two, three, four, five, and greater than five respectively.
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We remark that it is important that we talk about Dehn twists about essential simple closed
curves in S11 , since if we allowed Dehn twist about boundary parallel curve c, there may be more
relations as Tc is a central element. If the subgroup G of Mod(S
1
1) does not contain any central el-
ement, then the subgroup of Mod(S11) generated byG and T
p
c (where p is non-zero) is isomorphic
to G× F1. The situation is more complicated if G contains some central element.
If we allow Dehn twists about the boundary parallel curve, the analogue of the previous theo-
rem becomes:
Theorem 10.2. The subgroup of Mod(S11) generated by s-th powers of all Dehn twists (including Dehn
twist about the boundary parallel curve c) is isomorphic to B3, F2 × F1, F3 × F1 and F5 × F1, F11 × F1
and F∞ × F1 for s equal to one, two, three, four, five, and greater than five respectively.
Proof. We observe that the subgroup generated by s-th powers of all essential Dehn twists con-
tains Tc = ∆
4 when s equals 1 or 2, and does not contain any central element when s is at least 3
(otherwise those subgroups will not be free). 
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